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Abstract-A mathematical model of the dynamic response of atrioventricular valve 
leaflets to the systolic pressure pulse is used to calculate the resultant energy dissipation 
under the action of viscous damping. The energy dissipated from mitral and tricuspid 
leaflets is compared, and the effects of leaflet size, closing velocity, the magnitude of 
the damping force, and the rate of change of the atrioventricular pressure gradient are 
investigated. The results are interpreted in relation to experimentally documented first 
heart sound determinants. 
1, INTRODUCTION 
The response of the atrioventricular valves to the dynamic systolic pressure loading sus- 
tained following closure has been calculated mathematically using a membrane model by 
Hearn and Mazumdar [5]. It is important to remember that such responses do not occur 
in vucuo. The heart valves are completely immersed in blood, substantially increasing 
the effective mass of vibration, as well as subjecting the valvular vibrations to viscous 
damping in the fluid medium. This damping is an important consideration as it will provide 
a mechanism for energy dissipation from the vibrating membrane. The dissipated energy 
transmitted to the precordium will constitute the valvular contribution to the heart sounds. 
Such contributions will be significant in the understanding of the sounds and the ac- 
curate diagnostic use of the phonocardiogram. While the extent of the contributions from 
the atrioventricular valves has been debated for many years, their relative magnitudes 
have not been established on a quantitative basis. It is the purpose of the present work 
to provide a mathematical account of the energy dissipation from the mitral and tricuspid 
valves at the vibrational source, and the relative effects of the underlying mechanical 
determinants. 
2. RATIONALE OF THE MODEL 
Accepting that atrioventricular valve vibration does make a significant contribution to 
the first heart sound complex, one immediately faces the problem of accurately under- 
standing the mechanism of this vibration. Although there have been numerous suggestions, 
including cusp collision, tensing of the valve leaflets or accelerations of the associated 
blood mass, none has been explored in sufficient theoretical detail to provide a precise 
explanation. 
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On the basis of experimental studies, a number of apparent mechanical features become 
essential to an accurate description of the mechanics of valvular contribution to S, pro- 
duction. It is clear that vibrations must occur immediately following valve closure and 
that the driving force of the vibrations must originate from the contracting ventricle and 
will be exerted on the closed valve leaflets by means of the rapidly rising systolic pressure 
loading. Furthermore, the valves must be capable of elastic recoil. 
The foregoing hydromechanical features may be represented in essence by modeling 
each atrioventricular valve leaflet immediately following closure as a deformable, thin 
elastic membrane, subjected to a time-dependent pressure loading and with an initial 
velocity corresponding to the rate of closure of the leaflet. The dynamic response of the 
membrane to the pressure loading will determine the nature and extent of any resultant 
vibrations. 
A one-dimensional model of this type has been successfully used by Blick er ml. [I] to 
correlate the theoretical behavior of aortic valve vibrations with in vitro experimental 
observations. 
3. MATHEMATICAL ANALYSIS 
The atrioventricular valve leaflets are considered during the phase of ventricular systole 
following valve closure, and for the purpose of analysis each leaflet membrane is con- 
sidered separately. The fluid pressure difference across the valves distends and provides 
tension in the leaflets which are held in the distended state and prevented from moving 
into the atrium by the restraining action of the chordae rendinea. The Young’s modulus 
of the chordae has been found to be significantly higher than that of the membrane tissue 
[2] so that each leaflet boundary may be regarded as being entirely fixed once the valve 
is closed and pressure-loaded. 
When the membrane vibrates, the profile of the deflected surface at any instant of time 
t can be described by a family of isoamplitude contour lines, which, when projected onto 
the initial q-plane, will form a system of level curves u(x, y) = constant. This family of 
level curves will be denoted by C,, 0 5 u 5 u*, where Co represents the boundary of 
the membrane and C,* coincides with the point at which the maximum u = U* is attained. 
The region bounded by C, is denoted by R,. 
Introducing a linear viscous damping force per unit area given by D = d $, the 
differential equation describing the dynamic response for the forced vibrations of a mem- 
brane can be expressed in the same way as discussed for the free vibrations [IO] and may 
therefore be written in the form 
ds1 + Fdfl= p (1) 
where w is the membrane displacement which is a suitable function of the isoamplitude 
contour lines u(x, y) = constant, and the terms appearing in the above equation are due 
to elastic forces, viscous damping, driving forces, and inertial forces, respectively, and 
the coefficients T, d, and p are, respectively, the membrane tension, the coefficient of 
viscous damping and the effective mass of vibration. 
The solution to the above equation can be found in the classical manner using the 
normal mode expansion in terms of the eigenfunctions of the associated free vibration 
problem. It is well known that the free-vibration eigenvalue problem is self-adjoint, and 
hence the associated eigenfunctions form a complete set and are mutually orthogonal. 
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Thus the solution to (I) can be expressed as a linear sum of the eigenfunctions in the form 
r 
w(14, t) = 2 Wi(u)gi(f). (2) 
i= I 
Since Wi is an eigenfunction of the corresponding free vibration problem, and is there- 
fore given by [l 11 
w; = Jo(h;rr’) (3) 
where A; is the i-th zero of the zeroth order Bessel function Jo. and 1~’ is defined by 
14* - II “2 
l/l= - ( ) II* (4) 
The driving force function F, arising from isovolumic systolic contraction of the ven- 
tricle, is considered to be time-dependent and uniformly distributed over all points on the 
leaflet so that 
F = qh(t) (5) 
where q is a unit pressure loading. 
Using a normal mode expansion in terms of the eigenfunctions, it is possible to express 
the forcing function in the form 
F = h(t) 5 aiWi(u) (6) 
i= I 
where the coefficients ai are obtained using the orthogonality relations of the eigenfunc- 
tions, whereby (see Appendix A) 
(7) 
Equation (1) will now uncouple into an infinite number of linear differential equations for 
the gi(t) on using (6) for F and then applying the orthogonality properties of eigenfunctions, 
yielding [S] 
s + $$ + (J&(f) = ; h(t) (8) 
where wi denotes the angular frequency of the membrane associated with the ith symmetric 
mode of free vibration. The solution to the above equation will depend on the temporal 
form of the forcing function denoted by h(t). In the case of the mitral valve, this function 
will represent the difference in pressure between the left ventricle and the left atrium 
during left ventricular systole, following valve closure. Because mitral-valve closure usu- 
ally follows atrioventricular pressure equalization by up to 40 msec [8], the valve leaflets 
will sustain an initial step-loading S of as much as 20 mm Hg. This will be followed by a 
rapid increase in pressure loading, approaching a maximum of approximately 100 mm Hg 
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as in Fig. l(a). The systolic pressure pulse driving the mitral leaflets may therefore be 
reasonably approximated by the ramp function as shown in Fig. l(b). The mitral valve is 
considered to be subjected to an initial pressure loading of magnitude S, followed by a 
linearly rising pressure gradient g until a time t I and then a constant pressure thereafter. 
Thus, the form for the input pressure loading is expressed as 
h(t) = SH(t) + $ Jo’ [H(t) - H(t - r,)]dt, (9) 
where H(t) denotes the Heaviside unit step function. It is to be noted here that a similar 
form of pressure loading assuming a linear increase with time has been used by Blick et 
al. [l]. However, Hearn et al. [6] recently used a more realistic nonlinear pressure-time 
relationship to study valve-leaflet closing velocity. 
With the input in the form of (9), and with the initial conditions 
dgi 
gi(O) = 0 and dt r=O = 6i, VO (10) 
where 6, is Kronecker’s delta and v. denotes the velocity of the membrane when first 
subjected to dynamic atrioventricular pressure loading following valve closure, and cor- 
responds to the closing velocity of the valve leaflet whenever final closure follows the 
commencement of ventricular systole. Equation (8) may be solved to yield 
aiS 
A,(t) + - 1 - B,(t) - d 
POi2 
- A,(t) 
2Pfii 1 
_ 1) Adz - f’)]} 
where 
and 
Bi(f) = e 
1 Ai(t) 
> I (11). 
(12) 
(13) 
(14) 
It is to be remembered here that wi represents a natural frequency (rad/sec) of the mem- 
brane whereas R, is the actual frequency. The membrane velocity may then be obtained 
from 
$ = ig, % W;(u). (1% 
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Fig. 1. Left ventricular and atria1 pressure curves (a) with the ramp approximation (b) of the systolic pressure 
loading sustained by the mitral valve. 
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4. ENERGY DISSIPATION 
The total amount of energy dissipated from the vibrating membrane can be obtained 
by calculating the total work done by the damping force. For an element of the membrane 
with area dR, the amount of energy dissipated during time t is expressed 
dE = edfi (16) 
where E denotes the work done on the element by the viscous damping force in the time 
interval [O, ?I, and is given by: 
(17) 
The total energy dissipated over the whole membrane in the interval [O, t] will then be 
E(t) = In, I {l d ($>’ d,) dfi 
so that by using (15) 
E(t) = d Jo, J {L’ [g, 2 W,(u)]’ df) dR 
and hence 
(18) 
(19) 
Following Mazumdar [IO], the spatial integral in the above equation may be evaluated 
as 
Jo0 J WdU)Wj(u)dQ = -lI Wi(u) Wj(u) PC, $ du 
Ao I 
U* 
=- 
u* 0 Wi(U) Wj(u) du 
(20) 
where A0 denotes the area of the vibrating membrane. Using the orthogonahty relations 
(Appendix A), we obtain 
Wi(u)W,.(u) dfl = ;;4°[J1(xi)12 ; ; j’ . (21) 
The contribution from the time integral is evaluated in Appendix B. The energy dis- 
sipated in the time interval [0, t] is then obtained from equation (19) as 
E(r) = Aod j, { [JI @;)I2 1 ($)’ dr} (22) 
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and the instantaneous rate of energy dissipation is then 
dE 
- = Aod j, (,,,A;, 2)’ 
dt 
(23) 
5. RESULTS 
Equations (22) and (23) enable the calculation of the energy dissipated at any time 
following valve closure, as well as the instantaneous dissipation rate. These functions will 
be determined initially by the systolic pressure loading, expressed by (9). For the purpose 
of illustration, the input parameters describing the systolic atrioventricular pressure load- 
ing have been chosen as S = 20 mm Hg, dpldt = 3000 mm Hg/sec. and tl = 30 msec. 
The previous study by Gleason and Braunwald [4] has prompted us to choose these input 
values in determining the behavior of the model. Indeed, the rate at which the ventricular 
pressure rises, which is an index of ventricular contractility, has been of interest to car- 
diologists for many years. 
The resultant dissipated energy and rate of dissipation calculated with (22) and (23) are 
shown in Fig. 2. It is immediately apparent that the majority of the dissipated energy is 
associated with fundamental mode vibration. Comparison of the second and third modes 
illustrates a similar difference in relative magnitudes (Fig. 3). This effect is of practical 
significance in the interpretation of the frequency spectra of heart sounds. Contributions 
from all modal frequencies of the vibrating valves may be expected to appear in a spectrum 
of the sound. The calculation of their relative magnitudes, however, indicates that con- 
tributions of significance will arise from the fundamental mode. 
An indication of the energy dissipation from a tricuspid valve leaflet may be obtained 
with the consideration of a right ventricular systolic pressure loading of 25% of that for 
the left side. This is in consistence with the experimental observations by Luisada et al. 
[9]. The corresponding results are shown in Fig. 4. It may be noted that the energy 
dissipated from a tricuspid valve leaflet is appreciably less than from the mitral valve. 
6. EFFECTS OF DAMPING 
It is apparent that a decrease in the value of the damping coefficient will permit a larger 
velocity response from a heart valve leaflet (Fig. 5). In this way, it has been suggested 
by Stein and Sabbah [ 141 that a lower blood viscosity accentuates heart sound amplitudes. 
This idea may be investigated using the energy dissipation model embodied in (22) and 
(23). 
While maintaining the same values for the input pressure loading, the valve leaflet 
response may be calculated for different values of the damping coefficient d. Increasing 
the value of d to 1000 dyn-se&m’, and to the extreme (and physically unrealistic) value 
of 10,000 dyn-se&m’ (a good approximation of the value of d is 2.8 x 10’ dyn-se&m’) 
[15], it can be seen from Fig. 5 that the leaflet displacement and velocity responses attain 
smaller values following the increased damping force, as would be expected. More sur- 
prising perhaps, is the effect on the dissipated energy, which increases with the greater 
damping, as shown in Fig. 6. Although the valve leaflet velocity is smaller with increased 
damping, the system response exhibits a greater work rate against the larger damping 
force. 
This effect is made clearer by a continuous plot of the energy dissipation, calculated 
for illustration 10 msec following valve closure, as a function of the damping force coef- 
ficient (Fig. 7). Over a much larger range than is physiologically possible, it is apparent 
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Fig. 2. Modal energy dissipation (a) and rate of dissipation (b) for the mitral valve model, corresponding to the 
first two symmetric modal functions. The results have been computed with a damping-to-mass ratio (d/p) of 
14.4 dyn-secicm-gm (following Blick et al., [I]) and a fundamental natural frequency of SO Hz. 
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that the energy dissipation is a monotonically increasing function of the damping force 
coefficient. In a more realistic range of values, this function is very nearly linear. 
7. DISCUSSION 
It is clear from (22) and (23) that the energy dissipated until time t and the instantaneous 
dissipation rate will be functions of the heart valve leaflet area, effective mass of vibration. 
elasticity, and the valvular geometry (determining the natural frequency of vibration): as 
well as the magnitude of the damping force coefficient, and the membrane velocity. The 
membrane velocity is in turn determined by the systolic pressure loading and initial con- 
ditions, as has been described in detail previously by Hearn and Mazumdar [51. The 
extension here to the calculation of the magnitude of the energy dissipation from atrio- 
ventricular valve vibration indicates that the contributions of the valves to the first heart 
sound at the vibrational source may be influenced by numerous factors. A number of 
these have been investigated experimentally. 
It may be concluded from this mathematical model of heart valve vibration that, with 
competent, pliable leaflets, the rate of development of the pressure loading will be a 
significant determinant of vibrational magnitude, and consequently, valvular energy dis- 
sipation. This is consistent with a number of well-known observations, including the pre- 
dominance of the left side in first heart sound production [9], the muffling of the sound 
which follows myocardial infarction [12], and reduced ventricular contractility. Direct 
measurement of left ventricular (dpldt),,, has revealed a remarkable correlation with first 
heart sound amplitude [ 133. It appears reasonable to conclude that any factor which alters 
the rate of development of the atrioventricular pressure gradient will alter the first heart 
sound intensity accordingly, as a result of the corresponding change in energy dissipation 
rate from the vibrating valve leaflets. 
The effect of PR interval on first heart sound intensity has been of recent interest [7]. 
This may reflect variations in the closing velocity of the mitral leaflets, and (22) and (23) 
can be used to calculate the valvular energy dissipation for a range of different initial 
conditions. As may be seen from Fig. 8, the rate of closure of the valve leaflet may be 
expected to play a significant role in subsequent energy dissipation [15]. 
It has been noted previously that an increase in the damping coefficient results in an 
increased rate of energy dissipation. even though the membrane velocity response is 
smaller. The observation by Stein and Sabbah [14] that reduced blood viscosity results 
in an increase in heart sound intensity may then be more likely to be accounted for in 
terms of a reduced loss of transmitted energy through the less viscous fluid medium. 
There appears to have been little study of the effects of atrioventricular valve leaflet 
area on first heart sound amplitude. It has been observed, however, that in cases of 
Ebstein’s anomaly with abnormally enlarged anterior tricuspid leaflets, an abnormally 
loud component of the first heart sound coincides exactly with echocardiographically 
determined tricuspid valve closure [3]. Such an effect is consistent with the increased 
energy dissipation resulting from an increased valve leaflet area in accordance with (22). 
8. CONCLUSION 
The purpose of this study is to provide a mathematical account of energy dissipation 
from the mitral and tricuspid valves as they vibrate following closure and to determine 
the relative effects of underlying mechanical determinants. The significance relates to an 
understanding of the first heart sound, which is assumed here to result from such vibra- 
tions. In general, the factors which have been observed to affect the magnitude of the 
first heart sound are consistent with the theoretical mechanism of energy dissipation from 
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atrioventricular valve vibrations presented here. These results are in accord with the 
existence of a causative role for atrioventricular valve leaflet vibration in first heart sound 
genesis, with the essential mechanism comprising the damped vibrations of the closed 
leaflets in response to the systolic ventricular pressure pulse. 
In conclusion, the mode1 discussed here serves to provide a mechanism for atrioven- 
tricular valve contribution to the first heart sound. A similar study is underway for sem- 
ilunar valve contribution to the second heart sound complex. 
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APPENDIX A 
Calculation of orthogonality cocfficirnts 
From (5) and (6) it is seen that 
c a;W;(u) = 1 (A.0 
i=l 
which becomes, on noting (3) 
(A.2) 
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We have the following relationships [ 161 for Bessel functions 
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(A.3) 
and 
0Jo(8)de = d,(z) (A.4) 
Multiplication of equation (A2) by u’Jo(Ajju’) and integration over the interval [O. 11 yields 
1’ /I 
I 
Llj = o u’Jo(Ajl4’) dir’ 
0 
~/‘[Jo(Ajlr’)]‘dlr’ (A.5) 
A, 
= 2 &IO(O) de 
/ 
~.jL.h’(~.;)l’ (A.6) 
2 =- 
AjJ1 (Aj) 
(A.7) 
i.e., al = 1.60, a2 = -1.06, a3 = 0.85, . . . 
APPENDIX B 
The contribution from the time integral is obtained as 
dt = B?t + 2Bi8i JO’ Ai (t) dt + 2piy; Jo’ Bi(t) dt 
+ 8: I o’ tAi(f)l' dr + y; JI: [B;(r)]’ dr + 2~;s; j-: A;(r)Bi(r) & 
+ H(r - t,) 
{ 
-Pi’ - ‘Pis; JI,’ A;(r) dt - 2Biy; I’ B;(t) dr 
+ cx;p; /d [Ai(t - t,)l” dt + B; IT,’ [Bj(r - r,)]’ dr 
+ 2aiBf Jo’Ai(t - tr)Bi(r - t,) dt + 20l;B,yi JT: Bi(t)Ai([ - 1,) dt 
/ 
I I 
+ 2f3i6j Ai(t)A;(t - r,) dt 
0 
Ai(r)B,(r - t,) dt + 2c&6; 
+ 2PiYi ’ Bi(t)Bi(I - tt) dt 
(B.1) 
where 
d 
ai = 2pni 
pi=--%g 
I 
(B.2) 
03.3) 
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yi = no - p; 
Sa; 
6; = -1JoCx; + - - clip; 
Pai 
(B.4) 
CBS) 
and the integrals in the above equation are evaluated as follows: 
e - (diZp)r -d sin 0.t - Q.cos 
f 
A,(r) dt = 
2P 1 ’ 
d214P2 + Ri 
e - (dl2p)t 
-‘sin flit - !A; COS Rif 
2P > 
+ fli 
= 
d214P2 + fii (B.6) 
e -_(d/2p)t -’ COS Rit + fli sin nit 
f 2P 
B,(t) dr = 
> 
f 
d2/4P2 + a; 1 0 
e - (dl2p)r -’ COS Rif + fij sin fkif 
2P 
+ ’ 
2P = 
d2/4P2 + Ri (B.7) 
, 
Bi(2t) dt (B.8) 
f 
Bi(2t) dr (B.9) 
’ Ai(r)Bi(r) dr = i lo’ Ai(2r) dr (B.10) 
’ f(r - r,) dr = (B.ll) 
where 
f E Af, Bf, A;Bi 
and 
I 
I 
Bi(r)A;( t - r ,) dr = .~(~‘~p)‘l co&r, 
0 I 
, 
Ai(r)Bi(r) dr 
0 
I 
f 
- e(d”+)‘l Sinnit B?(r) dr 
0 
I 
Adr)Bi(r - rl) dr = e(d’2p)‘1 COSflir~ 
I 
’ A,(r)Bi(r) dr 
0 
+ e(d’2p)rl sinQir, 
(B.12) 
(B.13) 
Energy dissipation due to atrioventricular valve vibration 
I 
f 
A;(r)Aj(r - t,) dt = e(d’2p)‘l c0si2~t, 
/ 
’ A:(t) dt 
0 0 
I 
f 
- c(d’JJP)‘l sinfi,t, Ai(t)B;( t) dr 
0 
/ 
I 
Bi(t)Bi(t - tl) dt = ecdi2P)‘I COSRitl 
I 
’ B:(t) dt 
0 0 
r 
+ e(d'2p)'l sinflir, A;(t)B;(t) dt. 
381 
(B. 14) 
(B. 15) 
